Abstract. By weighted tree we understand such connected tree,that: a) each its vertex and each edge have a positive integer weight; b) the weight of each vertex is equal to the sum of weights of outgoing edges. Each tree has a binary structure -we can color its vertices in two colors, black and white so, that adjacent vertices have different colors. A type is a set of pairwise non-isotopic plane weighted trees with a given list of weights of white vertices and a given list of weights of black vertices. In this work we present a method for computing the cardinality of a given type.
Introduction
We will consider plane connected trees with an additional structure: edges and vertices have positive integer weights, moreover, for each vertex the sum of weights of outgoing edges is equal to the weight of this vertex. Such tree will be called a w-tree.
Each plane connected tree has a binary structure: its vertices can be colored in black and white so, that adjacent vertices have different colors. We will study the following problem: enumerate pairwise non-isotopic w-trees with a given list of weights of black vertices and a given list of weights of white vertices. The set of such w-trees will be called a type. A type will be denoted k 1 , . . . , k s | l 1 , . . . , l t , where k 1 , . . . , k s are weights of white vertices, written in non decreasing order, and l 1 , . . . , l t are weights of black vertices (also in non decreasing order). Obviously, k 1 + . . . + k s = l 1 + . . . + l t . The number of vertices of the type Ξ will be denoted v(Ξ). The cardinality of a type Ξ will be denoted |Ξ|. Example 1. There are 6 w-trees in the type 5, 12 | 1, 7, 9 : s ❝
Plane graphs, Belyi functions and anti-Vandermonde systems
To a w-tree we can correspond a tree-like plane graph with multiple edges : Here the weight of a vertex becomes its valency and the weight of an edge becomes its multiplicity. In our example the complement to the graph has 4 components: 3 are bounded (components O 1 , O 2 and O 3 ) and one unbounded. Belyi function of this graph is a rational function ϕ with critical values 0, 1, ∞ such, that our graph and the graph G = ϕ −1 [0, 1] are isotopic. In our case ϕ has 3 simple poles in points c 1 ∈ O 1 , c 2 ∈ O 2 and c 3 ∈ O 3 . White vertices of G are inverse images of 0 and black -of 1. Without loss of generality we can assume that point 0 is the white vertex of valency 4 and point 1 is the black vertex of valency 5. Let white vertex of valency 2 be at point a 1 , white vertex of valency 1 -at point a 2 and black vertex of valency 2 -at point b. Thus,
Hence,
Equaling coefficients at sixth, fifth and forth powers of z we obtain a system:
2 + 20b + 10
(1) 
The number of finite solutions of this system is 6 (in our case it is 4).
In general case to a w-tree from the given type k 1 , k 2 , . . . , k s | l 1 , l 2 , . . . , l t we correspond a plane tree-like graph with s white vertices of valences k 1 , k 2 , . . . , k s and t black vertices of valences l 1 , l 2 , . . . , l t . Such graph has n = k 1 +. . .+k s = l 1 +. . .+l t edges and its complement is a union of m = n + 1 − s − t bounded domains and one unbounded domain. Belyi function of such graph is a rational function ϕ with simple poles at points c 1 , . . . , c m -one pole in each bounded domain. Let white vertices of the graph are at points a 1 , . . . , a s and black -at points b 1 , . . . , b t . So
Equaling coefficients at powers z m+1 , . . . , z n−1 at both sides of equation, we obtain a system with n−1−m = s+t−2 equations and s+t unknowns a 1 , . . . , a s , b 1 , . . . , b t . Without loss of generality, we can assume that a s = 0 and b t = 1 (for example) and obtain a polynomial system of s + t − 2 equations with s + t − 2 unknowns that has (s + t − 2)! solutions.
In next section we'll demonstrate that such system can always be transformed into anti-Vandermonde system. 
Reduction to an anti-Vandermonde system
On the other hand,
Equaling coefficients at powers of x in (2) and (3), we obtain the required polynomials. Thus,
Then s i = t i for i = 1, . . . , s + t − 2, and the system
is the required ant-Vandermonde system. 
Simple, non-decomposable types
In this case {k i } i∈I | {l j } j∈J is also a type, which will be called a subtype of the type Ξ.
. . , l t be a simple non-decomposable type. Than its cardinality is (s + t − 2)!.
Remark 1. This theorem was proved by V.Dremov [1] in his thesis in assumption that the corresponding anti-Vandermonde system doesn't have any multiple solutions.
Proof. Let us assume that the white vertex of the biggest weight k s is at point 0 and the black vertex of the biggest weight l t -at 1. The corresponding antiVandermonde system is of the form:
At first we'll prove that the system has no solutions at infinity.
A solution at infinity satisfies the system
We can consider it as a homogeneous system with unknowns k i , l j . As this system has a nonzero solution, then the determinant of the system is zero, i.e.
• If some x i = 0 (or y j = 0), then we eliminate terms k i x r i (or l j y r j ), r = 1, . . . , s + t − 2, from the system.
• If x i = x j (or y i = y j , or x i = y j ), then we eliminate terms k j x r j (or l j y r j ) and coefficient k i (l i ) we replace by k i + k j (by l i + l j , or by k i − l j ). Also we eliminate the last equation.
We continue in the same way. As all variables x i and y j cannot be zeroes, then at some step the coefficient at some variable x i or y j will become zero. But this means that the type is decomposable.
To prove that our system has no multiple solutions let us consider a antiVandermonde system
It defines a multivalued map from n-dimensional space K with coordinates k 1 , . . . , k n to n-dimensional space X with coordinates x 1 , . . . , x n . The Jacobian of this map is
We see that a multiple solution can occur only when one of unknowns is zero, or when values of two unknowns coincide. In both cases we can diminish the number of unknowns by one.
In the end we will obtain a system of the form
that has a solution only if l = −1, but then our type is decomposable. We see that our system does not have solutions on infinity and does not have multiple solutions. Hence, it has (s + t − 2)! finite pairwise different solutions.
Simple decomposable types
If a type Ξ is simple, but decomposable, then the the number of its w-trees is less then (v(Ξ) − 2)!. Definition 2. We say that a type Ξ = k 1 , k 2 , . . . , k s | l 1 , l 2 , . . . , l t admits a npartition if there exit disjoint subsets I 1 , . . . , I n of the set {1, . . . , s}, and disjoint subsets J 1 , . . . , J n of the set {1, . . . , t} such that
We will say that the type Ξ is a union of subtypes Ξ 1 , . . . , Ξ n : Ξ = Ξ 1 ∪ . . . ∪ Ξ n , where
Remark 2. The type itself can be considered as its 1-partition.
Theorem 3. The number of w-trees in a type Ξ is a sum by partitions of Ξ, where to each partition Ξ = Ξ 1 ∪ . . . ∪ Ξ n , n = 1, 2, . . ., corresponds a summand
• The type 7, 5, 1 | 7, 4, 2 has only one nontrivial partition (2-partition): Remark 3. We can consider w-trees with non integral weights: the sum of white weights must be equal to the sum of black. A solution of the corresponding antiVandermonde system gives us positions of vertices.
Proof. The first step. Let our type admits only one partition, namely 2-partition
Let us define a "deformation" Ξ of our type Ξ: we increase the weight of some white vertex v from Ξ ′ by small ε and increase the weight of some black vertex u from Ξ ′′ by the same ε. Thus obtained type is non-decomposable and contains (v(Ξ) − 2)! w-trees. If T is a w-tree from Ξ, then weights of its edges are positive integers, except edges of the path from v to u. The weight of such edges differs from integer on ε. If some edge of this path has weight ε (such edge will be called ε-bridge), then such tree doesn't exist in the type Ξ (connectivity is lost, when ε becomes zero).
Thus, we need to find the number of w-trees in the type Ξ that have ε-bridge. Let us note that ε-bridge connects a white vertex x from the subtype Ξ ′ and a black vertex y from the subtype Ξ ′′ : to a white vertex x a path from v comes with weight p − ε (where p is an integer) and to a black vertex y a path from u comes with weight q − ε. Hence, we can construct a tree with ε-bridge in the following way: we choose a tree T ′ from Ξ ′ and a tree T ′′ from Ξ ′′ ((k − 2)!(l − 2)! variants of such double choice); we choose a white vertex of T ′ and a direction of outgoing ε-bridge (the number of such choices is equal to the number of T ′ edges, i.e. k − 1); we choose a black vertex from T ′′ and the direction of ingoing ε-bridge (l − 1 variants). Thus, |Ξ| = (s + t − 2)! − (k − 1)!(l − 1)!. 
Now it remains to find the number of trees in the type Ξ with ε-bridge.
Let T be such tree. If ε = 0, then T loses connectedness and is a union of (exactly) two subtrees T 1 and T 2 , where T 1 belongs to subtype Ξ ′ i and T 2 -to subtype Ξ ′′ i for some i > k. As above we have that the number of such trees T is (k i − 1)!(l i − 1)!. And summation by i, k < i n, gives us the required formula.
Third step. Let now the type Ξ has exactly one 3-partition Ξ = Ξ 1 ∪ Ξ 2 ∪ Ξ 3 and the only 2-partitions of Ξ are
where by Ξ ′ ⊕ Ξ ′′ we denote the type whose set of white (black) weights is a union of set of white (black) weights of type Ξ ′ and set of white (black) weights of type Ξ ′ . Let subtypes Ξ 1 , Ξ 2 and Ξ 3 have k, l and m vertices respectively. Let us increase weight of some white vertex from Ξ 1 by ε and weight of some black vertex from Ξ 2 by the same ε. Thus obtained type Ξ has only partition -2-partition (
Now we must find the number of trees with ε-bridge. There can be one bridge or two. In the first case either a tree from Ξ 1 is connected by ε-bridge with a tree from Ξ 2 ⊕ Ξ 3 , or a tree from Ξ 2 is connected by ε-bridge with a tree from Ξ 1 ⊕ Ξ 3 . Hence, the number of trees with one ε-bridge is
A tree with two ε-bridges can be constructed in the following way: we choose a tree T 1 from Ξ 1 , a tree T 2 from Ξ 2 and a tree T 3 from Ξ 3 . A white vertex from T 1 we connect by ε-bridge with a black vertex from T 3 and a white vertex from T 3 -with a black vertex from T 2 . Hence the number of trees with two ε-bridges is (k − 1)!(l − 1)!(m − 1)!(m − 1). Now it is easy to check that we obtain the required formula.
Forth step. Let the type has only 2-and 3-partitions. Then we increase weight of some white vertex by ε and weight some black vertex by ε with the aim to decrease the number of 3-partitions. After that we use induction as in the second step.
Fifth step. Let type Ξ has one 4-partition Ξ = Ξ 1 ∪ Ξ 2 ∪ Ξ 3 ∪ Ξ 4 and all its 2-and 3-partitions are constructed from subtypes Ξ i . Let the number of vertices in Ξ 1 be k, in Ξ 2 -l, in Ξ 3 -m and in Ξ 4 -n.
As above let us define a deformation Ξ of the type Ξ, by increasing the weight of some white vertex in Ξ 1 by ε and some black vertex in Ξ 2 by the same ε. After that we must find the number of trees in Ξ with ε-bridges and subtract this number from | Ξ|. It is enough to check that thus obtained expression contains the term
! (other terms are related to 2-and 3-partitions). We will enumerate classes of trees with bridges and for each class we will study with what coefficient the product (k − 1)!(l − 1)!(m − 1)!(n − 1)! appears in the formula for number of trees in this class.
• Class:
• Class: Ξ 1 ∪ Ξ 3 ∪ Ξ 4 ∪ Ξ 2 . Three bridges. Coefficient: 2(m − 1)(n − 1). It is easy to find the sum of coefficients
There is a geometrical interpretation of this combinatorial identity. Let us consider a square A = [0,
and four rectangles in it:
It is easy to see that A = A 1 ∪ A 2 ∪ A 3 ∪ A 4 and
Thus, our identity is simply the inclusion-exclusion formula.
Sixth step. In the general case we consider a partition of the type Ξ, analogous to the partition in the fifth step, but (n+2)-partition. Analogously we define deformation Ξ. We must find the coefficient at product n+2 i=1 (m i − 1)! in the formula, that describe the number of trees with bridges (here m i = v(Ξ i ), i = 1, . . . , n + 2). Let M = m 1 + . . . + m n+2 − 1.
As above we will enumerate classes of trees with bridges and for each class we will find the corresponding coefficient. A class is defined by such partition (admissible partition) of the set {1, . . . , n+2} into disjoint subsets, that numbers 1 and 2 belong to different subsets. To a given admissible partition we correspond a product by subsets of this partition and then we compute a sum by all admissible partitions.
To a subset {s 1 , . . . , s p } ⊂ {1, . . . , n + 2} of given partition we correspond the factor (m s1 + . . .
and the factor
Thus obtained product by subsets of the partition we multiply by (−1) q−2 (q − 2)!, where q is the number of subsets in the partition.
We must prove, that the sum by all admissible partitions is equal to M n . The proof will use the inclusion-exclusion formula.
Let us consider an n dimensional cube C and right parallelopes in it. We must prove that A P A = C. Let X = (x 1 , . . . , x n ) be a point in C. If x i m 1 + m i+2 − 1, i = 1, . . . , n, then X ∈ P N . If x i m 1 + m i+2 , i = 1, . . . , n, then X ∈ P ∅ . Let now Triple intersections P A∪B∪C ∩P A∪B ∩P A and P A∪B∪C ∩P A∪C ∩P A , where A, B, C ⊂ {3, . . . , n + 2} are pairwise disjoint subsets, have the same volume. Analogously, for each non-empty intersection P A ∩ P B ∩ P C ∩ P D there are five more with the same volume.
